We show that homotopy equivalent digital images have isomorphic fundamental groups, even when the homotopy equivalence does not preserve the basepoint. This assertion appeared in [3], but there was an error in the proof; here, we correct the error. We present and explore in detail a pair of digital images with cu-adjacencies that are homotopic but not pointed homotopic. For two digital loops f, g : [0, m]Z → X with the same basepoint, we introduce the notion of tight at the basepoint (TAB) pointed homotopy, which is more restrictive than ordinary pointed homotopy and yields some different results.
Introduction
Digital topology adapts tools from geometric and algebraic topology to the study of digital images.
In this paper, we consider questions of pointed homotopy in digital topology. We correct the argument of [3] for the assertion that homotopy equivalent connected digital images (X, κ) and (Y, λ) have isomorphic fundamental groups Π
Preliminaries

General Properties
Let Z be the set of integers. A (binary) digital image is a pair (X, κ), where X ⊂ Z n for some positive integer n, and κ indicates some adjacency relation for the members of X.
Adjacency relations commonly used in the study of digital images in Z n include the following [9] . For an integer u such that 1 ≤ u ≤ n, we define an adjacency relation as follows. Points p = (p 1 , p 2 , . . . , p n ), q = (q 1 , q 2 , . . . , q n )
are c u -adjacent [4] if
• p = q, and
• there are at most u distinct indices i for which |p i − q i | = 1, and
• for all indices i, if |p i − q i | = 1 then p i = q i .
We often denote a c u -adjacency in Z n by the number of points that are c u -adjacent to a given point in Z n . E.g.,
• in Z 1 , c 1 -adjacency is 2-adjacency;
• in Z 2 , c 1 -adjacency is 4-adjacency and c 2 -adjacency is 8-adjacency.
• in Z 3 , c 1 -adjacency is 6-adjacency, c 2 -adjacency is 18-adjacency, and c 3 -adjacency is 26-adjacency.
In this paper, we are usually more interested in the value u of a c u -adjacency than in the corresponding value of k.
More general adjacency relations appear in [11] . The work in [10] treats digital images as abstract sets of points with arbitrary adjacencies without regard for their embeddings in Z n .
Definition 2.1.
[1] Let a, b ∈ Z, a < b. A digital interval is a set of the form
in which c 1 -adjacency is assumed.
Let κ be an adjacency relation defined on
and only if for every pair of points {x, y} ⊂ X, x = y, there exists a set P = {x 0 , x 1 , . . . , x c } ⊂ X of c + 1 distinct points such that x = x 0 , x c = y, and x i and x i+1 are κ−adjacent, i ∈ {0, 1, . . . , c − 1}.
The set P is a path. We say c is the length of P . We will abuse the terminology by also calling a (c 1 , κ)-continuous function (where continuity is as defined below at Definition 2
The following generalizes an earlier definition of [15] . 
See also [7, 8] , where similar properties are named immersion, gradually varied operator, or gradually varied mapping.
and F (m) = q. For a given path F , we define the reverse path,
Digital homotopy
Intuitively, a homotopy between continuous functions f, g : X → Y is a continuous deformation of, say, f over a time period until the result of the deformation coincides with g.
Definition 2.3. ([2]
; see also [12] ) Let X and Y be digital images. Let f, g : X → Y be (κ, λ)−continuous functions and suppose there is a positive integer m and a function
• for all x ∈ X, the induced function
is (c 1 , λ)−continuous;
Then The notation
If, further, there exists
indicates that functions f and g are digitally (κ, λ)−homotopic in Y . If κ = λ, we abbreviate the above as
Digital homotopy is an equivalence relation among digitally continuous functions [12, 2] . As in classical topology, we say two digital images (X, κ) and (Y, λ) are homotopy equivalent when there are continuous functions f :
Digital fundamental group
If f and g are digital κ−paths in X such that g starts where f ends, the product (see [12] ) of f and g, written f * g, is, intuitively, the κ−path obtained by following f , then following g. Formally, if
Restriction of loop classes to loops defined on the same digital interval would be undesirable. The following notion of trivial extension permits a loop to "stretch" within the same pointed homotopy class. Intuitively, f ′ is a trivial extension of f if f ′ follows the same path as f , but more slowly, with pauses for rest (subintervals of the domain on which f ′ is constant).
and
This notion lets us compare the digital homotopy properties of loops whose domains may have differing cardinality, since if m 1 ≤ m 2 , we can obtain [2] a trivial extension of a loop f : [0,
Observe that every digital loop f is a trivial extension of itself. It was incorrectly asserted as Proposition 3.1 of [3] that the assumption in Definition 2.5, that the homotopy keeps the endpoints fixed, could be replaced by the weaker assumption that the homotopy is loop-preserving; the error was pointed out in [5] .
Membership in the same loop class in (X, x 0 ) is an equivalence relation among digital κ-loops
The digital fundamental group is derived from a classical notion of algebraic topology (see [13, 14, 16] ). The version discussed in this section is that developed in [2] . The next result is used in [2] to show the product operation of our digital fundamental group is well defined.
Let (X, x 0 , κ) be a pointed digital image; i.e., X is a digital image with adjacency relation κ, and x 0 ∈ X. Define Π κ 1 (X, x 0 ) to be the set of κ-loop classes [f ] X in X with base point x 0 . By Proposition 2.6, the product operation
is a group under the · product operation, the κ-fundamental group of (X, x 0 ).
Homotopy equivalence and fundamental groups
In the paper [3] , it is asserted that digital images that are (unpointed) homotopy equivalent have isomorphic fundamental groups. However, the proof of this assertion is incorrect. Roughly, the flaw in the argument given in [3] is that insufficient care was given to making sure that a certain homotopy between two loops holds the endpoints fixed. In this section, we give a correction. 
Clearly f is a trivial extension of f .
It is easily seen that K is a homotopy from f to (G • F ) • f that holds the endpoints fixed. 
q # is an isomorphism.
By Proposition 3.1 and its proof
. That is, q # • G * • F * is the identity function on Π κ 1 (X, p). Since q # is an isomorphism by Theorem 3.2, it follows that F * is one-to-one, and G * is onto. By studying the composition F * • G * in a similar fashion, we conclude that G * is one-to-one and F * is onto. By Theorem 2.10, F * is a homomorphism, so it follows that F * is an isomorphism.
Example
In [3] , it was asked if, given digital images (X, κ) and (Y, λ) that are homotopy equivalent, must (X, x 0 , κ) and (Y, y 0 , λ) be pointed homotopy equivalent for arbitrary base points x 0 ∈ X, y 0 ∈ Y ?
The paper [10] gives an example, not using any of the c u -adjacencies, that answers this question in the negative. It is desirable to have an example that uses c u -adjacencies. In this section, we give such an example by modifying that of [10] .
. We consider both X and Y as digital images with c 2 -adjacency. See Figure 1 . Proof: Let f : X → Y be defined by
Let g : Y → X be the inclusion map. Clearly, both f and g are (c 2 , c 2 )-continuous. The function
is clearly a (c 2 , c 2 )-homotopy between g • f and 1 X . The function K : We say (κ, λ)-continuous maps f, g :
Proof: For convenience, we prove the statement in the case where x = x 1 . Since (Y, c 2 ) is isomorphic to a simple cycle of 10 points, the same argument will work for any other value of x.
Since h is (c 2 , c 2 )-homotopic to 1 Y in 1 step, h(x i ) and x i are c 2 -adjacent or equal for all i.
Suppose h = 1 Y . Since h(x 1 ) = x 1 , by c 2 -continuity, h(x i ) ∈ {x i−1 , x i } for 2 ≤ i ≤ 10, and since h = 1 Y , there is a j 0 such that 2 ≤ j 0 ≤ 10 and h(x j ) = x j−1 for j 0 ≤ j ≤ 10. In particular, h(x 10 ) = x 9 , so we have a discontinuity since the c 2 -adjacent points x 1 and x 10 do not have c 2 -adjacent images under h. Since h was assumed continuous, the contradiction leads us to conclude
A similar argument shows the following. 
These loops are equivalent in Π 1 (X, x 1 ): consider the following trivial extensions
These loops f ′ and g ′ are homotopic in one step, and so f and g are equivalent in Π 1 (X, x 1 ). Notice that the one-step equivalence above uses trivial extensions at the base point x 1 . That is, there is some t with f ′ (t) = f (t + 1) = x 1 , and likewise for g. In fact this is necessary for any equivalence between f and g, as the following proposition shows: Proof: We will prove the first statement; the second follows similarly. Suppose that no interme-
Thus considering H(k − 1, s) for various s gives a path from
which never passes through x 1 . Because of the structure of our image X, this path must at some point pass through x 9 . Thus there is some r with H(k − 1, r) = x 9 . But H(k, r) = x 1 since all stages of H are loops at x 1 . This contradicts continuity of H from H(k − 1, r) to H(k, r) since x 9 is not adjacent to x 1 in X.
Thus we see that f and g are equivalent as loops in Π 1 (X), but this equivalence requires trivial extensions at the base point. This suggests a finer equivalence relation than the one used for Π 1 (X), one in which loops are equivalent only by homotopies that do not extend the base point. Specifically, we call a loop f tight at the basepoint (TAB) x 0 when there is no t with f (t) = f (t + 1) = x 0 . Two TAB loops are called TAB equivalent when there are TAB trivial extensions that are homotopic by a homotopy which is TAB in each stage.
Thus our example loops f and g above are equivalent in Π 1 (X, x 1 ), but not TAB equivalent, because any homotopy of trivial extensions must have a non-TAB intermediate stage. The equivalence classes using the TAB relation seem to have interesting and subtle structure, but they do not naturally form a group with respect to the product operation, as we show below.
Consider the product of f and the reverse of g, which has the form: x 2 , . . . , x 9 , x 10 , x 1 , x 0 , x 9 , . . . , x 2 , x 1 )
Note that f * g −1 is nullhomotopic, using only TAB loops as intermediate steps. The first step of the nullhomotopy is as follows:
(x 1 , x 2 , . . . , x 9 , x 10 , x 1 , x 0 , x 9 , . . . , x 2 , x 1 ) to (x 1 , x 2 , . . . , x 9 , x 9 , x 0 , x 0 , x 9 , . . . , x 2 , x 1 ), and then the loop deforms continuously to x 1 in the obvious way.
Since f and g are not TAB equivalent, but f * g −1 is nullhomotopic, the TAB relation, which is finer than the equivalence used in Π 1 (X, x 1 ) cannot be used to define a group. Nevertheless the TAB equivalence provides subtle and interesting information about loops in our space.
Further remarks
We have provided a correction to the faulty proof of [3] that (unpointed) homotopy equivalent digital images have isomorphic fundamental groups. We have given the first example of two digital images with c u -adjacencies that are homotopy equivalent but not pointed homotopy equivalent. We have introduced a variant of the loop equivalence, based on the notion of tight at the basepoint (TAB) pointed homotopy, and have explored properties of this notion.
